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Abstract
Notions of topological free entropy and of free capacity are introduced in the C∗-
algebra context. Basic properties, basic problems and connections to potential theory
and random matrix theory are discussed.
0 Introduction
The game of defining free entropy via microstates [8] can also be played with norm-microstates:
instead of expectation values one approximates norms of polynomials. This leads to an in-
variant associated with n-tuples of elements of a C∗-algebra: the topological free entropy.
A competing notion is the free capacity, which we define as the supremum over trace-
states of the free entropy. In the one-variable case there is a simple relation to the logarithmic
capacity of potential theory [4].
We prove that the free capacity majorizes the topological free entropy and this leads to the
obvious question about equality. In the two examples which we study, the free semicircular
n-tuple and the universal n-tuple of self-adjoint contraction, the two quantities are equal.
Notions of free entropy dimension in C∗-algebras can also be defined either via a supre-
mum over trace-states or directly from the norm-microstates. In the latter case, instead of
adapting our initial definition [8], which was inspired by the Minkowski content, we found it
more convenient to use the recent simpler approach of Jung [3].
We began exploring topological free entropy a few years ago, but abandoned it soon after
facing the difficulties of the semicircular n-tuple example. The impetus to return to this work
was provided by the recent breakthrough of U. Haagerup and S. Thorbjornsen [2] on random
∗Supported in part by NSF Grant DMS-0079945.
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matrices, which also gave what was essentially needed to answer the semicircular question.
There is good reason now, we believe, to expect that topological free entropy will be useful
in the C∗-algebra context and that progress will be made on the problems we discuss in this
note.
1 Free Capacity
Let A be a unital C∗-algebra generated by n+m self-adjoint elements a1, . . . , an, b1, . . . , bm.
Let further TS(A) denote the trace-states of A. Given τ ∈ TS(A) an element a ∈ A gives
rise to a noncommutative random variable in the tracial C∗-probability space (A, τ), which
we shall denote by a(τ). The free entropy χ(a1(τ), . . . , an(τ) : b1(τ), . . . , bm(τ)) of the ai(τ)’s
in the presence of the bj(τ)’s [9] will also be denoted χ(a1, . . . , an : b1, . . . , bm; τ) (in case
m = 0 we shall write χ(a1, . . . , an; τ)).
We define the free capacity κ(a1, . . . , an : b1, . . . , bm) of a1, . . . , an in the presence of
b1, . . . , bm by:
κ(a1, . . . , an : b1, . . . , bm) = sup
τ∈TS(A)
χ(a1, . . . , an : b1, . . . , bm; τ).
Because of Corollary 1.8 in [9] κ(a1, . . . , an : b1, . . . , bm) does not depend on the choice of
b1, . . . , bm as long as A is generated by a1, . . . , an, b1, . . . , bm. Hence it is also appropriate to
use the notation κ(a1, . . . , an : A) for κ(a1, . . . , an : b1, . . . , bm). If A is already generated by
a1, . . . , an we shall write simply κ(a1, . . . , an) for κ(a1, . . . , an : A) and call it the free capacity
of a1, . . . , an.
In case n = 1, up to sign and to the additive constant θ = 3
4
+ 1
2
log 2pi the free entropy
is the logarithmic energy of the distribution. Therefore if σ(a) is the spectrum of a = a∗, we
have
eκ(a)−θ = cap(σ(a))
where cap(·) denotes the logarithmic capacity ([4]).
We chose to call κ(a1, . . . , an), instead of its exponential, the free capacity, because from
an information theory point of view, it is the largest quantity of “free information” which
can be realized by a1, . . . , an. However, as shown for instance by the free analogue of the
entropy-power inequality, [7], exponentials of free entropies are also quantities of interest.
In view of the upper semicontinuity of the free entropy with respect to convergence in
distribution and compactness of TS(A) we infer that:
κ(a1, . . . , an : b1, . . . , bm) = χ(a1, . . . , an : b1, . . . , bm; τ)
for some τ ∈ TS(A) (actually an extremal trace-state in view of [9]).
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Also, among the properties of κ(a1, . . . , an) which follow easily from those of χ we note
two more. Subadditivity of κ holds
κ(a1, . . . , an, b1, . . . , bm) ≤ κ(a1, . . . , an : b1, . . . , bm) + κ(b1, . . . , bm : a1, . . . , an)
≤ κ(a1, . . . , an) + κ(b1, . . . , bm).
For a change of variables given by noncommutative power series satisfying all the conditions
of Proposition 3.5 in [8], we get:
κ(F1(a1, . . . , an), . . . , Fn(a1, . . . , an)) ≤ κ(a1, . . . , an)
+ sup
τ∈TS(A)
log |J |((F1, . . . , Fn))(a1(τ), . . . , an(τ)).
Finally, a remark which applies not only to free capacity, but also to the other constructs
in this note. The appropriate C∗-algebras for these considerations are those subject to
finiteness conditions, such as having sufficiently many trace-states. Of course, given an
arbitrary unital C∗-algebra, we can always factor by the two-sided ideal on which all trace-
states vanish and work in the quotient.
2 Topological Free Entropy
Let A, a1, . . . , an, b1, . . . , bm be like in the preceding section. Let further
P1, . . . , Pr ∈ C〈X1, . . . , Xn, Y1, . . . , Ym〉
be polynomials in the noncommutative indeterminates X1, . . . , Xn, Y1, . . . , Ym and let ε > 0,
k ∈ N. We define the norm-microstates (or topological microstates)
Γtop(a1, . . . , an, b1, . . . , bm; k, ε, P1, . . . , Pr)
to be n + m-tuples of self-adjoint k × k matrices (C1, . . . , Cn, D1, . . . , Dm) ∈ (M
sa
k )
n+m so
that
|‖Pj(C1, . . . , Cn, D1, . . . , Dm)‖ − ‖Pj(a1, . . . , an, b1, . . . , bm)‖| ≤ ε
1 ≤ j ≤ r.
We define the norm-microstates for a1, . . . , an in the presence of b1, . . . , bm, denoted
Γtop(a1, . . . , an : b1, . . . , bm; k, ε, P1, . . . , Pr)
to be the projection via
(C1, . . . , Cn, D1, . . . , Dm)→ (C1, . . . , Cn)
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of
Γtop(a1, . . . , an, b1, . . . , bm; k, ε, P1, . . . , Pr)
into (Msak )
n.
With this change of microstates, the definition of the topological free entropy χtop proceeds
exactly like the definition of χ. We take
lim sup
k→∞
(
k−2 log vol Γtop(. . . ) +
n
2
log k
)
followed by
inf
ε>0
inf
r∈N
inf
P1,...,Pr∈C〈X1,...,Xn,Y1,...,Ym〉
.
We call the resulting χtop(a1, . . . , an : b1, . . . , bm) the topological free entropy of a1, . . . , an
in the presence of b1, . . . , bm. In case m = 0 we write χtop(a1, . . . , an) and call it the topolog-
ical free entropy of a1, . . . , an.
Several basic properties of χtop are proved along similar lines to properties of χ and we
leave the details to the reader.
Subadditivity
χtop(a1, . . . , an, b1, . . . , bm) ≤ χtop(a1, . . . , an : b1, . . . , bm)
+χtop(b1, . . . , bm : a1, . . . , an)
≤ χtop(a1, . . . , an) + χtop(b1, . . . , bm).
Upper Semicontinuity
Assume a
(p)
1 , . . . , a
(p)
n ∈ Ap converge in “norm-distribution” to a1, . . . , an ∈ A in the sense,
that for every noncommutative polynomial P ∈ C〈X1, . . . , Xn〉 we have
lim
p→∞
‖P (a
(p)
1 , . . . , a
(p)
n )‖ = ‖P (a1, . . . , an)‖.
Then we have
lim sup
p→∞
χtop(a
(p)
1 , . . . , a
(p)
n ) ≤ χtop(a1, . . . , an).
Change of Variables
Assume there are noncommutative power series F1, . . . , Fn, G1, . . . , Gn satisfying the com-
plete set of conditions in Proposition 3.5 of [8]. Then we have
χtop(F1(a1, . . . , an), . . . , Fn(a1, . . . , an)) ≤ χtop(a1, . . . , an)
+n log ‖D˜F (a1, . . . , an)‖.
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Here D˜F (a1, . . . , an) ∈Mn⊗A ⊗¯ A
op where the tensor product is the spatial tensor product.
To define D˜F (a1, . . . , an) one first notices that in a formal sense the differential of F as power-
series is a n× n matrix of partial free difference quotients and that, under the assumptions
on multiradii of convergence in Proposition 3.5 of [8], this differential, after replacing the
indeterminates by a1, . . . , an gives rise to an element in the projective tensor product Mn ⊗
A ⊗pi A
op. Clearly this element gives then rise to an element in Mn ⊗ A ⊗¯ A
op. The proof
proceeds along the same lines as the proof of Proposition 3.5 in [8].
3 The Inequality χtop ≤ κ
Under the same assumptions about A, a1, . . . , an, b1, . . . , bm as in the previous sections, we
shall prove here that
χtop(a1, . . . , an : b1, . . . , bm) ≤ κ(a1, . . . , an : b1, . . . , bm).
If χtop(a1, . . . , an : b1, . . . , bm) = −∞ there is nothing to prove. Assume
χtop(a1, . . . , an : b1, . . . , bm) > α > −∞.
We will show that κ(a1, . . . , an : b1, . . . , bm) > α.
Let Q[i]〈X1, . . . , Xn, Y1, . . . , Ym〉 be the noncommutative polynomials with rational com-
plex coefficients, which being a countable set can be put in a sequence P1, P2, . . . . It will be
also convenient to assume P1, . . . , Pm+n are precisely X1, . . . , Xn, Y1, . . . , Ym.
It is easy to see that
χtop(a1, . . . , an : b1, . . . , bm) > α
is equivalent to the existence of integers m+ n < k1 < k2 < . . . so that for some α
′ > α
k−2r log vol Γtop(a1, . . . , an : b1, . . . , bm;P1, . . . , Pr, kr, r
−1) +
n
2
log kr > α
′.
Note that if
η = (C1, . . . , Cn, D1, . . . , Dm) ∈ Γtop(a1, . . . , an, b1, . . . , bm;P1, . . . , Pr, kr, r
−1) = Γ(r)
then ‖Ck‖ < M , ‖Dj‖ < M for some M independent of r and of the choice of microstate.
Let then A(n + m) be the universal unital C∗-algebra generated by self-adjoint elements
x1, . . . , xn, y1, . . . , ym of norm M , that is the unital full free product of n + m copies of
C([−M,M ]). A microstate η ∈ Γ(r) as above defines a ∗-homomorphism ϕ[η] : A(n+m)→
Mkr so that ϕ[η](xk) = Ck, ϕ[η](yj) = Dj and a trace-state τ [η] ∈ TS(A(n+m))
τ [η] = k−1r Trkr ◦ ϕ[η].
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Similarly there is a ∗-homomorphism ϕ : A(n+m)→ A so that ϕ(xk) = ak, ϕ(yj) = bj .
On Ω = TS(A(n+m)) the weak topology is induced by the metric
d(τ1, τ2) =
∑
p≥1
∑
(i1,...,ip)∈({1,...,n+m})p
(2M(n +m))−p|(τ1 − τ2)(zi1 . . . zip)|
where z1, . . . , zn+m denotes x1, . . . , xn, y1, . . . , ym. Ω is a compact metric space and
Kr = {τ [η] ∈ Ω | η ∈ Γ(r)}
are compact subsets because η → τ [η] is continuous and Γ(r) is compact. Let further K ⊂ Ω
denote the compact subset (TS(A)) ◦ ϕ.
If τ ∈ Ω is the weak limit of some sequence (τ [ηrs ])s∈N, where r1 < r2 < . . . and
τ [ηrs ] ∈ Krs, then τ ∈ K. Indeed we have
|τ(Pj(x1, . . . , xn, y1, . . . , ym))| ≤ lim sup
s→∞
‖ϕ[ηrs ](Pj(x1, . . . , xn, y1, . . . , ym))‖
≤ lim sup
s→∞
(r−1s + ‖Pj(a1, . . . , an, b1, . . . , bm)‖)
≤ ‖Pj(a1, . . . , an, b1, . . . , bm)‖
= ‖ϕ(Pj(x1, . . . , xn, y1, . . . , ym))‖
which in view of the density of the Pj ’s in A(n +m) gives τ ∈ K. Given ε > 0, in view of
compactness of Ω there is L(ε) > 0 so that for each r, Kr = K
(1)
r ∪ · · · ∪K
(L(ε))
r where each
compact set K
(j)
r has diameter ≤ ε2 . Let
Γ(r, j) = {η ∈ Γ(r) | τ [η] ∈ K(j)r }.
We have Γ(r) = Γ(r, 1) ∪ · · · ∪ Γ(r, L(ε)). Let further
pir : Γ(r)→ Γtop(a1, . . . , an : b1, . . . , bm;P1, . . . , Pr, kr, r
−1)
denote the projection mapping (C1, . . . , Cn, D1, . . . , Dm) to (C1, . . . , Cn). For each r let Γ
′(r)
denote some pir(Γ(r, j)) such that
vol(pir(Γ(r, j))) ≥ (L(ε))
−1 vol(Γtop(a1, . . . , an : b1, . . . , bm;P1, . . . , Pr, kr, r
−1)).
Since kr →∞ we will clearly have
lim inf
r→∞
(
k−2r log vol(Γ
′(r)) +
n
2
log kr
)
≥ α′.
Giving ε successively the values 1, 1/2, 1/3, . . . and using the fact that accumulation
points of the sequence of sets Kr are in K we find there is τ ∈ K and there are r1 < r2 < . . .
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such that the chosen set K
(js)
rs ⊂ Krs for ε = (2s)
−1 is ⊂ B(τ, s−1) the ball of radius s−1 and
center τ and the corresponding set Γ′(rs) is such that
lim inf
s→∞
(
k−2rs log vol(Γ
′(rs)) +
n
2
log krs
)
≥ α′.
Since K
(js)
rs ⊂ B(τ, s
−1) we will have
Γ′(rs) ⊂ ΓM(a1, . . . , an : b1, . . . , bm; krs, ms, εs; τ)
for some ms →∞ and εs → 0. Clearly this implies
χ(a1, . . . , an : b1, . . . , bm; τ) ≥ α
′
and hence
κ(a1, . . . , an : b1, . . . , bm) > α.
4 Semicircular Systems
Let A be the C∗-algebra generated by a semicircular system S1, . . . , Sn consisting of n freely
independent (0, 1) semicircular random variables in some W ∗-probability space (M, τ) with
a faithful trace-state. By a recent result of U. Haagerup and S. Thorbjornsen [2] for any
ε > 0 and noncommutative polynomials in n indeterminates P1, . . . , Pr we have
lim
k→∞
γk(Γtop(S1, . . . , Sn;P1, . . . , Pr, k, ε)) = 1
where γk is the Gaussian probability measure on (M
sa
k )
n with density
ck exp
(
−
k
2
Tr(A21 + · · ·+ A
2
n)
)
where ck is a normalizing constant. By Proposition 3.1 of [1], A has the Dixmier property
hence [A,A] + C1 is norm-dense in A. In particular there are polynomials
Q1,j , . . . , Qs,j, R1,j , . . . , Rs,j
such that for a given δ > 0 we have∥∥∥∥∥S2j − 1−
∑
1≤i≤s
[Qij(S1, . . . , Sn), Rij(S1, . . . , Sn)]
∥∥∥∥∥ < δ/2.
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Thus for an appropriate choice of polynomials P1, . . . , Pr and ε > 0 we will have for all k
Γ(k) = Γtop(S1, . . . , Sn;P1, . . . , Pr, k, ε)
⊂ {(Aj)1≤j≤n ∈ (M
sa
k )
n | k−1TrkA
2
j < 1 + δ, 1 ≤ j ≤ n}.
Hence
γk(Γ(k)) ≤ ck exp
(
−
k2
2
(1 + δ)2n
)
vol(Γ(k)).
This gives
k−2 log vol(Γ(k)) +
n
2
log k ≥ k−2 log γk(Γ(k))− k
−2 log ck +
n
2
log k −
n
2
(1 + δ)2.
Since γk(Γ(k)) → 1 as k → ∞ and all this holds also after decreasing ε > 0 and enlarging
the set of polynomials, we infer that
χtop(S1, . . . , Sn) ≥ lim sup
k→∞
(n
2
log k − k−2 log ck −
n
2
(1 + δ)2
)
.
Since ck = (2pi)
−nk2/2(k)nk
2/2 this gives
χtop(S1, . . . , Sn) ≥
n
2
log 2pi −
n
2
(1 + δ)2.
Since δ > 0 is arbitrary we have that
χtop(S1, . . . , Sn) ≥
n
2
(log 2pi − 1).
The right-hand side is precisely χ(S1, . . . , Sn; τ). So we have
χtop(S1, . . . , Sn) ≥ χ(S1, . . . , Sn; τ).
On the other hand since A has a unique trace-state
χ(S1, . . . , Sn; τ) = κ(S1, . . . , Sn).
Using the result in the preceding section, we have
Fact.
χtop(S1, . . . , Sn) = κ(S1, . . . , Sn) = χ(S1, . . . , Sn).
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5 The Universal n-tuple of Self-adjoint Contractions
In this section we prove
χtop(T1, . . . , Tn) = κ(T1, . . . , Tn)
for the universal n-tuple of self-adjoint contractions T1, . . . , Tn.
Let A denote the unital C∗-algebra generated by T1, . . . , Tn or equivalently the unital full
free product of n copies of C([−1, 1]) with Tj identified with the identical function in the
j-th copy of C([−1, 1]). A has the property that given a n-tuple of self-adjoint contractions
x1, . . . , xn in some unital C
∗-algebra B, there is a unique unital ∗-homomorphism of A into
B mapping Tj to xj (1 ≤ j ≤ n).
Let τ(n) be the trace-state on A which is the free product of n copies of the trace-state
τ(1) on C([−1, 1]) which is given by the equilibrium measure on [−1, 1], that is the arcsine
distribution with density pi−1(1− x2)−1/2 ([4]). We have
κ(T1, . . . , Tn) ≤ nκ(T1) = nχ(T1; τ(1)) = χ(T1, . . . , Tn; τ(n)).
The C∗-algebra A has sufficiently many finite-dimensional representations. This implies
that given ε > 0 and noncommutative polynomials P1, . . . , Pr we have
vol(Γtop(T1, . . . , Tn; k0, ε, P1, . . . , Pr)) 6= 0
for some k0 ∈ N.
It is easily seen that if δ > 0 is sufficiently small then for any self-adjoint elements
x1, . . . , xn in a unital C
∗-algebra so that ‖xj‖ ≤ 1 + δ we will have ‖Pi(x1, . . . , xr)‖ <
‖Pi(T1, . . . , Tn)‖+ ε (1 ≤ i ≤ r). In particular using the usual microstates
Γ1+δ(T1, . . . , Tn; k,m, ε; τ(n))
for T1, . . . , Tn in (A, τ(n)) we have
Γtop(T1, . . . , Tn; k0, ε, P1, . . . , Pr) ⊕ Γ1+δ(T1, . . . , Tn; k,m, ε; τ(n))
⊂ Γtop(T1, . . . , Tn; k0 + k, ε, P1, . . . , Pr)
(the choice of parameters m, ε and τ(n) in Γ1+δ is completely arbitrary). This inclusion
immediately yields
χtop(T1, . . . , Tn) ≥ χ(T1, . . . , Tn; τ(n)).
Putting things together we conclude that we have proved
χtop(T1, . . . , Tn) = κ(T1, . . . , Tn) = χ(T1, . . . , Tn; τ(n))
where T1, . . . , Tn is the universal n-tuple of self-adjoint contradiction, and τ(n) the n-fold
free product of the equilibrium measure on [−1, 1].
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6 Topological Free Entropy Dimension
If X is a subset of a metric space we denote by Nε(X) the minimum number of elements in
an ε-net of X . The sets of norm-microstates Γtop(. . . ) will be viewed as subsets of (Mk)
n
endowed with the uniform norm metric. If A, a1, . . . , an, b1, . . . , bm are as in section 2, then
we define
Dε(a1, . . . , an : b1, . . . , bm)
by taking
lim sup
k→∞
k−2 logNε(Γtop(a1, . . . , an : b1, . . . , bm; k, ε, P1, . . . , Pr))
followed by an inf over r ∈ N and finite sets {P1, . . . , Pr} of noncommutative polynomials.
Then the topological free entropy dimension of a1, . . . , an in the presence of b1, . . . , bm is
defined by
δtop(a1, . . . , an : b1, . . . , bm) = lim sup
ε→0
Dε(a1, . . . , an : b1, . . . , bm)
| log ε|
.
Note that if we had used the normalized Hilbert–Schmidt norm
|(A1, . . . , An)|2 = k
−1/2
( ∑
1≤j≤n
Trk(A
2
j )
)1/2
instead of the uniform norm, we would have obtained the same quantity. Indeed, a basic
fact about Nε for unitary-invariant norms ([6] combined with Corollary 8 of [5]) is that if
B(k, R) denotes the ball of radius R of Msak in uniform norm, then taking Nε in uniform or
normalized Hilbert–Schmidt norm we will have
(C1R/ε)
k2 ≤ Nε(B(k, R)) ≤ (C2R/ε)
k2
for some constants independent of k and ε ≤ R.
Because of the upper bound for Nε(B(k, R)) we always have
δtop(a1, . . . , an : b1, . . . , bm) ≤ n.
To get δtop for some n-tuples it is sufficient to remark the following fact: if χtop(a1, . . . , an :
b1, . . . , bm) > −∞ then
δtop(a1, . . . , an : b1, . . . , bm) = n.
Indeed, we have
Nε(Γtop(. . . )) vol B
n(k, 2ε) ≥ vol(Γtop(. . . ))
and by Corollary 4 of [5] we have
lim inf
k→∞
(n
2
log k + k−2 log vol(Bn(k, 1))
)
> −∞
10
which gives
lim inf
k→∞
(n
2
log k + k−2 log vol(Bn(k, 2ε))
)
≥ C + n log ε.
We infer that
lim sup
k→∞
k−2 logNε(Γtop(. . . )) ≥ C + n| log ε|
+ lim sup
k→∞
(
k−2 log vol(Γtop(· · · )) +
n
2
log k
)
where 0 < ε < 1. This in turn immediately gives δtop(a1, . . . , an : b1, . . . , bm) = n if
χtop(a1, . . . , an : b1, . . . , bm) > −∞.
It follows that if S1, . . . , Sn is the semicircular n-tuple then
δtop(S1, . . . , Sn) = n
and similarly if T1, . . . , Tn is the universal n-tuple of self-adjoint contractions then
δtop(T1, . . . , Tn) = n.
A quantity with which δtop should be compared is the free dimension capacity
κδ(a1, . . . , an) = sup
τ∈TS(A)
δ0(a1, . . . , an; τ)
where a1, . . . , an is a self-adjoint generator of A and δ0(a1, . . . , an; τ) denotes the modified
free-entropy dimension of a1, . . . , an in (A, τ). Clearly κδ(S1, . . . , Sn) = κδ(T1, . . . , Tn) = n
by [9].
7 Concluding Remarks
7.1 Semi-microstates
A natural modification of the definition of Γtop is to consider norm-semi-microstates, that is
Γtop 1/2(a1, . . . , an : b1, . . . , bm; k, ε, P1, . . . , Pr)
with the inequalities
|‖Pj(a1, . . . , an, b1, . . . , bm)‖ − ‖Pj(A1, . . . , An, B1, . . . , Bm)‖| ≤ ε
replaced by
‖Pj(A1, . . . , An, B1, . . . , Bm)‖ ≤ ‖Pj(a1, . . . , an, b1, . . . , bm)‖+ ε.
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The corresponding quantity χtop 1/2 clearly satisfies χtop 1/2 ≥ χtop. If for every P1, . . . , Pr, ε >
0 there is some k0 so that
Γtop(a1, . . . , an : b1, . . . , bm; k0, ε, P1, . . . , Pr) 6= ∅
then actually
χtop 1/2 = χtop.
Indeed, with ⊕ denoting componentwise orthogonal sums of operators, we have
Γtop(a1, . . . , an : b1, . . . , bm; k0, ε, P1, . . . , Pr) ⊕ Γtop 1/2(a1, . . . , an : b1, . . . , bm; k, ε, P1, . . . , Pr)
⊂ Γtop(a1, . . . , an : b1, . . . , bm; k + k0, ε, P1, . . . , Pr).
7.2 Orthogonal Sums
Let α′ = (a′1, . . . , a
′
n), α
′′ = (b′1, . . . , b
′
m), α
′ ⊕ α′′ = (a′1 ⊕ a
′′
1, . . . , a
′
n ⊕ a
′′
n), β
′ = (b′1, . . . , b
′
m)
etc. It is easily seen that
Γtop(α
′ : β ′; k′, ε, P1, . . . , Pr) ⊕ Γtop(α
′′ : β ′′; k′′, ε, P1, . . . , Pr)
⊂ Γtop(α
′ ⊕ α′′ : β ′ ⊕ β ′′; k′ + k′′, ε, P1, . . . , Pr)
so that
χtop(α
′ ⊕ α′′ : β ′ ⊕ β ′′) ≥ max(χtop(α
′ : β ′), χtop(α
′′ : β ′′)).
On the other hand it is easily seen that
κ(α′ ⊕ α′′ : β ′ ⊕ β ′′) = max(κ(α′ : β ′), κ(α′′ : β ′′)),
since the extremal trace-states of C∗(α′⊕α′′, β ′⊕ β ′′) are either trace-states of C∗(α′, β ′) or
of C∗(α′′, β ′′).
Therefore a test for the general question about the equality of χtop and κ is whether we
actually have
χtop(α
′ ⊕ α′′ : β ′ ⊕ β ′′) = max(χtop(α
′ : β ′), χtop(α
′′ : β ′′)).
7.3 Free Equilibrium Trace-States
In classical potential theory, the probability measures minimizing the logarithmic energy
are the equilibrium measures. Generalizing this from the one-variable case, we arrive at the
question of finding those τ ∈ TS(A) for which κ(a1, . . . , an) = χ(a1, . . . , an; τ) (the generator
a1, . . . , an of A is given).
Both trying to find general facts about such τ , as well as finding such τ for specific
a1, . . . , an seem to be questions which deserve some attention.
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7.4 Topological Free Entropy Dimension of Generators
By analogy with the von Neumann algebra case, it seems natural to ask whether the
topological free entropy dimension of a generator is an invariant of the C∗-algebra; i.e.,
if a′1, . . . , a
′
n and a
′′
1, . . . , a
′′
m are self-adjoint generators of the C
∗-algebra A, does it follow
that δtop(a
′
1, . . . , a
′
n) and δtop(a
′′
1, . . . , a
′′
m) are equal?
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